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INTRODUCTION.

— .
- .

Tuk main object of this little tract, (which is reprinted from the

Journal of the Institute of Actuaries,) is to bn.wo the knowledge »

of computers, and generally of those having to do with calculations,
the assistance they may derive in their work by the employment of
the Arithmometer or Calculating Machine of M. Thomas (de Colmar),
Abundant illustration of the applications of the machine will be
found in the following pages; and it is proposed to give here a brief
statement of its capabilitiel and mode of operation.

M. Thomas's machine is provided, on the face, with spaces for the
reception of three pumbers, which may be denoted by P, Q’d R,
respectively. Two of them, P and Q, being set in their places on
the machine, the regulator adjusted (by a touch of the finger), and
the manual operation performed, R appears on the space allotted for
.it, and omy the space appropriated to P we find now the numerical
value of P+ QR; that is, P increased or diminished by the product
QR, according as the regulato‘r was adjusted for addition or subtrac-
tion. The number Q remains in its place.

The manual operation, the safhe in all cases in character, although
not in extent, consists in the turning of a handle, with some inter-
mediate movements. The number of turns req:mlte in any particular
case is the sum of the digits composing the number R; and it will
average about four-and-a-half times the number of places in R.

The time occupied in the performance of its operations is an
element of importance in forming a judgment as to the'uﬁﬂﬁy-of the
machine. In elucidation of this point, it mu_}:.be_w that

when P=87254093671,
Q= 428954, e
td’
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one minute suffices for the production, (free from error,) of either
of the following results:—

P+QR=168415622103,
P—-QR= 6092565239, »

e

about half the time in each case being occupied in setting the
numbers on the machine.

But it is, as will Be presently shown, in its application to the
construction of tables that the advantage gained, in point of accuracy
" and despatch, by * employment of the machine is fully realized.

It seems hardly necessary to observe that the power the machine
has been shown to possess includes that of performing all the funda-
mental operations of arithmetic. Thus, from P+QR, when R=1
we have P+ Q, and from P=QR, in the same circumstances, we get
P—Q. Also, when P=0 we have from P+QR the product QR.
As regards division the case is somewhafifforent. P, the dividend,
and Q, the divisor, being given, we have to find R, the quotient.
The ##n of the operation is P—QR, and we multiply Q by such
digits, in orderly succession, as visibly ,p‘&dm P to 0, or to a
number less than Q; R, the quotient (being the aggregate of the
multipliers), is then found in its place, and the remainder, if there be
one, in the place of P.+ .

Although there arbémo doubt, forms of numerical tables in the
construction of which the Arithmometer is not directly applicable,

" there are few in connection with which it may not, in proper hands,

be turned to useful account. There are thre¢ forms to which it

readily adapts itselt.”

« 'The first formmmpﬂm those tables in which tho series to be

formed consists of the products or the quotients of corresponding

terms of two independent series. To this elass belong most of the

tables conmected wﬁb.tho social and physical sciences; such as tables
_' vities, refractive powers, &e. An example of

to this class will be found on p. 31.
e in a formation of this class for each term

*formed, 'u,,(qﬂﬂn the required result is QR, to set on Q, multiply

by R, record the result, efface (P=) QR and R; () when the result
>

I".
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required is P:-Q or R, to set on P and Q, multiply by R, record R,
efface P (if necessary) and R.

The second form of table in the construction of which the Arith.
mometer can be advantageously employed, is that in which the terms
to be formed are so related that the difference between succeeding
terms is the product of corresponding terms of two given series.

The work requisite for each term here is the same as in the
last cas¢, (a), with the exception that here R only needs to be
eflaced. The number found in the place of P always remains on the
machine. The work is, consequently, less than in the former case,
although the function here formed is more complex.

Several examples of this mode of formation will be found in the
following pages. See, in particular, pp. 13, 15, 29, &e.

The third form of table, being that in which the greatest advan.
tage of all is derived from the employment of the machine, is the
same as the second, with®the exception that here the factor Q is
constant. There 1s connequalftly. after the first term has been formed,
no setting on the mathine at all, and the whole work consists in a
nem- of multiplications bﬁhe successive values of R (in this case
almost necessarily small numbers), interrupted only by the recording
of the results as they arise in the place of P, and the effacing of the
used valueg of R.

Many examples of this mode of formation are shown in the tract,
as on pp. 5, 7, 9, 10, 19, 22, 25, 32, &e.

The preceding sketch would be imperfect as an enumeration of the
capabilities of the Arithmometer, were mention withheld of the facility
it affords for the correction of errors that may have beem committed
in the course of an operation. Thus if, for example, an erroneous
value of R (discoverable by comparison of the value appearing on
the machine with the value as given) shall be found to have been
made use of, the error can be easily and promptly rectified, whether it
extend to one or to many figures.

Loxpoxn, 20th June, 1874,
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Tur Arnthmometer of M. Thomas (de Colmar) has been alveady
brought under the notiee of the readers of this Jowrnal by Genernl

Hannyngton, in a remarkably lncid and suggestive paper, which
will be found at p. 244, vol. xvi.  General Hannyngton, in his paper,
explains the manner of working the machine, and gives cxamples
of some of its apphications to the construction of actuanal tables,
with hints as to others. These afford an iden of the very stnking
adaptation of the machine to the formation of such tables; and
they cannot fail to have exeited the intevest of many of the readers,
The present paper is intended to be supplemental to that of
General Hannyngton, and in it the adaptation in guestion will be
farther shown. An attempt will also be made to systematize the
manner of its application, and detailed examples in illustration will
be given. There will be no need to say anything bere as to the
actual working of the machine, sinee this has been so well explained
by General Hannyngton.  There are, nevertheless, certain points in
the manipulation to which it may be well to advert in the outset.
It is usual to describe the Arithmometer as a machine which
enables a person, however unskilled himself, to perform the opera-
tions of multiplication and division with facility, rapidity, and
unfailing accurcy. This, as a description, is correct as far as it
gocs; but as an enumeration of the properties of the machine, it is
inadequate and defective. It entirely omits that property which
forms its special adaptation to our purpose, and in default of which
its utility would be comparatively limited. Besides the facilitation
of the operations named, the machine will also, in forming the
product of two given numbers, either add that product to, or sub.
tract it from, another given number, according to the pleasure of
the operator.  Abundant illustration of the ication of this

property will be found in the present paper.
There are three forms, then, to the numencal evaluation of

A
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which the Arithmometer is directly applicable. These may be
symbolized as follows :—
QR, % and P+ QR;
P, Q and R denoting any given numbers.
Familiar instances of these forms, in the present connexion, are :—

QR s e Dembats
Q N.

e

s s s v e Gy = _I"):;
p (P+QR . . . . Ne=Nan+lv**;
Mme AP—QR . . . . Ac=1—(1-0)(1+a).

The manner of applying the machine to the evaluation of
expressions of the first and second forms; in other words, the
manner of performing the operations of multiplication and division,
has been sufficiently explained in General Hannyngton’s paper.  Of
its application to the third form some further elucidation is necessary.

The special adaptation of this form to the construction of tables
may be shown as follows :—

If u, be any function of z, we always have,

U 41 = Uy + Ay ;

and this is of the form P+ QR if Aw,, the difference of u,, can
be exhibited as the product of two given numbers. In such cases,
then, (and it will soon appear that they are by no means rare,) we
have, in forming a series of successive values, the benefit of a
continuous process, with its attendant advantages. The result of each
operation becomes the P of the next, and we pass from a preceding
to a succeeding value by adding to (or subtracting from) the former
the product of two known numbers. And this, as we have seen, is
a function to which the Arithmometer most readily lends itself.

In the applications of the machine there are thus, it appears,
three numbers to be dealt with; and provision is accordingly made
on it of three spaces for their separate exhibition. Two of these
spaces are on the slide, and the third on the face. 1 propose
to designate them by S,, S,, and F, respectively; and the numbers
occupying the several spaces will be denoted by the same symbols,
respectively distinguished, however, when so used, by being enclosed
in parentheses, thus :—(8,), (8y), (F). -

In employing the formula P+ QR, the number P is placed on
S,,and Q (the*in factor), upon F; multiplication being then made
by R (the out factor), this number appears upon S,, and the result,
which is the required value of P+ QR, replaces P upon §,.



3

A point in regard to which difficulty is felt, in commeneing the
use of the Arithmometer, is the setting of the numbers P and Q
upon the machine, so that the product QR shall, when formed, fall
in its proper place with respect to P. The rule for this purpose
(which has not hitherto been given) is very simple. It is:—

Draw out the slide as many holes as there are decimal places in
R, the ouf factor; and place P and Q upon 8, and F respectively,
in such a manner as that like denominations shall stand under
(and over) like. The slide is then to be pushed home; and, the
multiplication being performed, the correct result will appear on S,.

If P=0, that is, if it is only the product QR that is required,
no preliminary drawing out of the slide is necessary.

So far as the results of the formule QR, P+ QR are con-
cerned, it is obviously indifferent which of the two, Q, R, we
employ as the in factor; in each case of practical application,
however, there are usually circumstances sufficient to determine
our choice in favour of one or the other. I shall in general, when
necéssary for distinction, let Q denote the in factor—the factor to
be set upon F; and R, of course, to denote the out factor—the
factor to be employed as a multiplier,

The points that have been now more specially adverted to, and
others that may arise, will find ample illustration in the examples
appended to the problems to which I now proceed.

The examples will be taken from The Institute of Actuaries’
Life Tables, H* mortality, and three per-cent interest.

Prosrem I.—Given a table of annuities; to form the corres-
ponding table of assurances.

We have, Ae=l=(l=v)(1+a;) . . . . . ()

e AAd=—(1—-0v)Aa,;
whence, Ay i=A+AA=A—(1—-0)A¢, . . . . (2
By these formulze the required table will be constructed, (1) coming
into use for the formation of the initial term, and (2) for the
continuous formation of the subsequent terms,

Ezample 1.—The given table of annuities is that on single
lives, p. 14 (Institute Tables); and it is required to reproduce the
table of assurances in the adjoining column,

Here we have, by (1),

P= 1:0000000,
Q=1—=v = -0201262,
R=1+4ay,=25'1484.
We here take 1—v for Q, because it remains constant during the
A2
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process; and we use six significant figures because, there being also
six in R, we desire to have our results true to the same extent,
P and Q are placed on the machine as follows:—

S, 0000100000000000
F 00291262

There are four décimal places in R; therefore, by the rule, the
denominations of the figures in P and Q are made to correspond
when the slide is drawn out four holes.

One of the ivory pegs which accompany the machine is now
inserted in the place of the decimal point, and another between the
sixth and seventh decimal places; the last-named place also (the
first beyond the peg) is increased by 5. The pegs serve to direct
the eye to the part of the slide where the figures to be taken out
for record are to be found; and the effect of the addition of 5 in
the next place being to impart to the adjoining figure the wsual
correction, when necessary,* the eye, in taking out the result, has
never to travel beyond the space embraced by the two pegs.

I repeat the representation of the setting of the numbers on the
machine for the present example, adding indications of the positions
of the pegs and of the increased figure :—

00001,000000,50000
00291262

The same indications will be used in subsequent representations of

the setting of the machine.
When the slide is pushed in as directed, the above setting will

assume the following appearance :—

»*
00001,00000050000
00291262

The form here being P—QR, and both the factors Q, R, being
positive, the regulator is set for subtraction ; multiplication is then
made by R=251484, and the result is,

»
00000267523,17192.

* The method here made use of for the correction of the last figure in the
terms of series formed by addition (or subtraction) was, I believe, first suggested
and exemplified by me, in a work published in 1849, Among the instances of its
advantageons employment that have come to my knowladge, the most striking is
one that occurred to Dr. Farr, in the construction of his tables of log o* (Tables
of Life-Times, pp. 6-11). These tables were formed by the aid of Scheutz’s
machine; a specialty of which is, that it reconds it results in the form of a mould
to be employed as the matrix for a stercotype cast. It is consequently necessary,
in the use of this machine, that each result, as if arises, should be correct in the last
figure to be recorded. Dr. Farr informs us, in his Introduction (p. exliii), that
the method he employed for this purpose was that now under consideration. The
required correction could probably, in this case, have been given in no other way.
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Had the inerease of 5 in the fifth place from the last not been
made, the figures which now read 3,1, would have read 2,6; and
in transeribing the result we should have had to correct it in the
last place. The correction made in this mamner once for all,
suffices for the whole of the succeeding values; and, as has been
already said, we shall not have occasion to look at any figures
except those in the space between the pegs.
The expression (2) now comes into use for the completion of

the series. It is,

A\r+l=1’l~$"—(1_v)&ﬁu:j
which when =10 becomes,

ﬁn:A‘m— (1 —tﬁ)-&ﬁ”lo.

This also is of the foom P—QR; but here R, that is Aay,
being negative, the regulator must be set for addition. In other
respects the setting of the machine remains ; and after effacing (8,),
the series is completed by employing as multipliers the successive
terms of Aa,, effacing each, of course, after it has been used.

The series Aa, should be formed on a separate slip of paper or
cardboard (and proved by addition), as it comes into use in other
formations,

The commencing portion of the results, as they come out, is
here given ; and it may be compared with the corresponding portion
of the series* on p. 14 of the Institute volume.

@ A,

10 | Ba | 967503
11 | 1581 | 271982
12 | 1811 | -277957
13 | 2089 | 283195
14 | 2206 | -289621
15 | 2316 | -296366
16 | 2366 | -303238
17 | 2354 | -310114
18 | 2984 | -316766
19 | 2148 | -323023
20 | 2004 | -328860
1941
* & - *

# The comparison here suggested will reveal the existence of a few slight
discrepancies in the last place between the two sets of values compared. Both
nevertheless are correct deductions from the data employed in their formation.
The discrepancies, such as they ave, originate in the relation which subsists
between the values of an annuity and an assurance on the same status. Tt can
easily be shown that, af three per-cent, four-decimal annuities are barely sufficient
for the aceurate determination of six-decimal assurances,
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Although the ;,machine (when in order) does not commit mis-
takes, the operator enjoys no such immunity from error. He may,
for instance, have used a wrong figure in one of the multipliers ;¥
and the error thus committed will, unless discovered and corrected,
vitiate the succeeding values. It is, therefore, necessary to be
provided with means for its speedy detection. These will be three
or four terms of the series, at equal intervals, which may be readily
formed 1 the same manner as the imtial term. Each of these, as
it is reached, will form a check on all the preceding work.

The series A, may be formed with the same facility if we com-
mence the formation with the oldest instead of the youngest tabular
age. The chief difference in the working will be, that as in this
order Aa, is positive, the regulator will remain at subtraction
throughout. The initial term will be

.'ig;'=1 — (1 —l’.‘-’}(l +ﬂ97)
=1—(1—2) x 1-0000,

since ag;=0; and it will be formed, after setting on P and Q as for
Ayo, by a single turn, without pushing in the slide.

Ezample 2.—Let the given annuity series be that in column 64,
p. 150; to form the corresponding assurance series.

The process here is in such entire analogy to that exemplified
in Example 1, that it will be sufficient, after two remarks, to give
a specimen.

The first remark 1s, that while, as a rule, the differences of the
annuities are negative, there are exceptions; as here Aagyqy 18
positive. Differences thus abnormally affected should be written
in red ink ; and this will serve as a warning, when using them, to
alter the regulator from its normal position.

The second remark is, that, whereas the differences of the
single-life annuities consist generally of four significant figures,
those of the joint-life annuities, as here arranged, have never more
than three. The assurances corresponding to these will therefore
admit of construction at the cost of a proportionally less amount of
labour. I find, in fact, that a column (45 values), after the differ-
ences and verifications have been formed, need not occupy in con-
struction (including the recording), more than twenty minutes.
It would hence be quite a practicable task to form the assurances

* The facility with which errors of this kind, when noticed at the time, admit
of correction, forms one of the great merits of the Arithmometer. The erroneous

figure being brought into the working position, it is set right by the requisite

number of turns ; remembering that, preparatory thereto, if it is diminution that
is required, the regulator must be reversed.
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corresponding to the joint-life and last-survivor annuities in the
Institute volume.
The following is the specimen above referred to :—

e

10 | A%z | 793150
11 32 | 723056
12 58 | 723995
13 | 136 | 723621
14 | 196 | 724192
15 | 239 | 724888
16 | 263 | -725654
17 | 264 | 726423
18 | 288 | 727117
19 | 186 | 727658
20 | 121 | -728011
87

ProsrLEM II.—A table of annuities being given, it is required
to construct a table of the Values of Policies at all ages, and for all
durations.

The technical “Value of a Policy” is the difference between
the value, on an anniversary of its inception (and consequently
when a premium is just due), of the sum assured (supposed a unit)
and the premium payable in respect of it, on the supposition that
this is the net premium according to the table used in the valuation.

Denoting, for the present purpose, the value of a policy on a
life now aged @, which was effected at age w, by V)%, 1t 1s known
that, :

" ta.
vtt‘].r-_]- = ]--:F._ﬂ;.p

This may be written,
Vele=1—(14a,)"'.(1+a;);

so that by using the reciprocal of 1+ a, the indicated division is
changed into a multiplication. The expression is now of the form
P—QR; and it is consequently fitted for the application of the
Arithmometer.

The given annuity table being, as before, that on p. 14, the
following scheme will facilitate the comprehension of the order of
construction :—

% 1 find that the symbol for the value of a policy, » Vg, given in the recognized
notation, is unsuited when, as in the present investigation, it is necessary to treat
the value as a function of the ages at entry and at valuation. I have therefore
been obliged to devise a new symbol; and the one in the text, while answering my
present purpose sufficiently well, is so distinctive that there is no risk of its being
confused with any other symbol.



2 | 10 | 11 12 13 14 15 16

10 | 10°10
11 | 11'10 | 11'11
12 | 1210 | 12-11 | 12-12
13 | 13-10 | 1311 | 1312 | 13:18
14 | 1410 | 14-11 | 14-12 | 14-13 | 14-14
15 | 1510 | 1511 | 1512 | 1513 | 1514 | 1
16 | 1610 | 16-11 | 1612 | 16:13 | 1614 | 1

16-16

(L

‘3
g |

=B

Here the values of 2, the present age, are at the side, and those
of w, the age at entry, at the top; so that w is constant in the
columns, and z in the rows.

We have, V,).=1—(1+4+a,)'.Q+a). . . . (8

[t 1s most convenient to effect the construction in columns. Hence,
making 2 the variable,

ﬂwi]:= e (1 i ”W) ~l. Ay ’
ﬂll(l, Vw]r+l= tu]x_(l‘l'alt')-_I*AH-r S e (1')

The similarity of these expressions to those that arose in
Problem I. is apparent; the only difference being that in these
(1+a,)~" takes the place of 1—v» in the others. The process of
construction, accordingly, in each column, after the formation of
the initial term, is absolutely identical with that of Problem I.

The initial term for the first column is

Vighiw=1—(14a0) ™. (1+ay);
so that we have,
| 1-0000000,
Q=(1 + ﬂ’m)”l-_- 039764:0,
=] -+ ayg =25‘148-1*;

and the setting of the machine will be as follows :—

*
00001,00000,500000
00397640

From (3) it appears that when 2=w, V,),=0. That is, the initial
term in all the columns is 0; and we might therefore assume this
value, and commence the construction in each column with the
formula (4). It is better, however, to proceed regularly, as we
should not otherwise have that perfect identity which ought to
subsist, between the values successively formed and those formed for
verification in the manner to be presently shown. The reciprocals
are only approximatelv, not absolutely true; and V,,). when a=w
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never comes out exactly equal to 0, although, using the reciprocals
to six significant figures, the deviation will in no case affect the
steth place of our results by more than a unit.

The numbers being placed on the machine as above, pushing
in the shde, setting the regulator for subtraction, and multiplying
by 251481, we get for Vo]0,

*
00000,00000,4022 40.

The regulator is now changed to addition, A, being negative
throughout, and multiplication being made by the terms of this
series 1n succession, commencing with Aayy=1531, column 10 is
completed.

The other columns are formed in the same way, the imitial
values of w and # in cach succeeding column being respectively
greater by unity than in the column preceding.

The following is a specimen of the formation, embracing the
commencement of the first six columns.

397610 | 400075 | 402095 | 10633+ 410009 3910 |

i { [
* —mr—r— ———— |

10 11 ‘ 12 18 11 1 £y PR

mw - .
10 Bae | 00000
11 | 1531 @ 00609 00000
12 | 1811 | 01329 | ‘00725 | 00000 |
13 | 2039 | ‘02140 | ‘01540 | ‘00822 00000 | i
14 | 2206 | ‘03017 | 02423 | 01711 | "'00S96 ‘ OO0 !
15 | 2316 | 03938 | ‘03349 | 02641 01837 | 00950 @ -00000
16 | 2366 | 04879 | 04296 | 03598 | 02799 | 01920 | 00979 !
17 | 2354 | "05815 | 05238 045346 | 03755 02885 @ 019514
18 | 2284 !*05?23 06152 | (05467 | (04683 | 103821 | 102899
19 | 2148 | “07577 | 07011 | 06332 | "05556 | 04702 | ‘03788 |
20 | 2004 | 08374 | 07813+ 07140 | 06370 | 05524 | 04618 |

1941 | | |
8. i m =il =21 * N [ |

The reciprocals®* that come into use mn the formation of the
several columns, bemg those of 14-ay, 144y, &e., are here, for
illustration, written at the top of the respective colmmns; and the slip
containing the series Aa, is represented by the side of column 10.
It may, as each column is completed, be moved forward to the next.

And now, as to the formation of verifications.  Resuming the
expression (3)

Xrtt‘]f:l o (]- + "ﬂ‘) = . (1 ~ % ”-")

if in this we make w the variable, the values indicated will be those

# The reciprocals for the entire annuity column had better be formed at the
outset, either by the machine or by Oakes’s Table.
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occupying the row opposite z. We may therefore, by choosing
three or four values of # at suitable intervals, and forming the
corresponding horizontal series, thus obtain the requisite values for
verification of the work in the columns. Taking the difference
with respect to w, therefore, we have,

ApVile=—(1+a.) A(l+aw);
whence, Vesla=Vla— (1 +a) Al +a,)t. . . (D)

Making 2=20 and »=10, we have for the initial term of the row
opposite 20,
Vigleo=1— (1 +as) (1 +ay) ),

and for the next term
Vi120=Vio)2o— (1 +ag) . A(1 +ay) ~%;

the series being continued by using as multipliers the successive
terms of the series A(1+a,)~', which is deduced from the values
placed at the tops of the several columns in the last formation.
For the initial term :—
P= 1-0000,
Q=14+ay =230425,
R=(1+ﬂm)*1= 0397640,

and P and Q are placed on the machine as follows :—
*

00001,00000,500000
00230425

There being seven decimal places in R, the denominations in P and
QQ are made to correspond when the shde is drawn out seven holes.

Pushing in the slide, setting the regulator for subtraction, and
multiplying successively by (1+ ;) ~'=3897640, and the differences
of this series, the terms in line with 2=20 come out as follows:—

w Vel
10 A+ae)| 08374
11 2435 07813
12 2920 07140
13 3339 06370
14 3675 05524
15 3931 04618
16 4094 03675
17 4156 02717
18 4109 01770
19 3940 00862
920 3749 -00000
3686
ES B E
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The whole of the work in Columns 10 to 20, down to 2=20,
is thus verified. And in the same way verification may be obtained
at as many points as we please, by forming the requisite horizontal
series. These ought to be formed first, and inserted in their places,
in order that, if error be committed in any of the columns, 1t may
be arrested, and not suffered to proceed beyond the next point of
verification.

It may be pointed out that the last horizontal series,—that
corresponding to 2=97,—which will serve as a final verification of
all the columns, may be formed most conveniently without the aid
of the machine, as follows :—When 2=97, the expression for the
value of the policy becomes,

Vw]g;':l—(l +ﬂ'.w)_l H

and the series of final terms will be formed in order, by subtracting
_ from unity, continuously, (1+ay,)~" and the differences of the
series of which this is the first term. Thus :(—

Viler 3,
1-:0000050
0397640

10 9602410
2435

11 9599975
2920

12 95970565
3339

13 0593716
3675

14 ‘9590041
3931

15 9586110
4094

16 9582016
4156

17 9577860

* *

The last term of this series (2=97, w=97), like those of all
the other horizontal series, will come out equal to 0.

There is another arrangement of the table of the Values of
Policies which is usually preferred. In it the values of w are
still at the top; but the argument at the side, instead of z, is
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<)

-

& —w, the duration of the policy. The following is the commence-
ment of the table according to this arrangement.

a—w 10 | 3} 12 13 14 15 -0
s ik g
0 | *00000 | 00000 | 00000 | 00000 | 00000 | 00000 | ©
1 | -00609 | 100725 | -00822 | -00896 | 00950 ' 00979 1
2 01329 | ‘01540 | *01711 | -01837 | 01920 ' 01954 2
3 | 02140 | 02423 | 02644 | .02799 02885 | 02899 3
4 | "03017 | *03349 | ‘03598 | ‘03755 | -08821 | ‘03788 g !
5 | 03938 | -04296 @ 04546 | ‘04683 | 04702 | ‘04618 51
6 | “04879 | ‘05238 | ‘05467 | ‘05556 | ‘05524 | ‘05421 §
7 | "05815 | (06152 | 06332 | 06370 | 06320 | ‘06217 7
8 | ‘06723 | 07011 | ‘07140 | -07159 | 07108 07031 8
9 | 07577 | ‘07813 | 07922 | ‘07940 | 07914 : ‘07882 0
: ; '
10 | -08374 | “08589 | 08697 | ‘08739 | ‘08757 .' ‘08776 | 10
* e * * * * Il * %

The computation can be conducted in this form just as easily
as n the other. The only changes in the process will be, that the
slip containing the differences, while being carried forward from
each column to the next, will have to be raised one line; and that
the series formed for verification will take their places, not in
horizontal lines, but in ascending diagonal lines.*

ProsreM IIL.—To construct Columns N, and D,., /. and »*
being given.

It is advisedly that I here place N, before D,, the construction
mn this order being the easier of the two.

Wﬁ hﬂvc_, N¢=D_r+1+D_p+g+ Pee ey
Whel‘l(:(:, AN;:.-= _D_r+1= '—v"""'}' 13,;-...1,
and, N#+I=NJ+ﬁN¢'=NI—L¢+III+II

By aid of this expression, which is of the form P—QR, the
column might be constructed, if we had the means of determining
independently N, for the youngest tabular age, namely 10 years.
But this we have not. We therefore commence with the oldest
age, and writing the above

Nm=Nz+1+v¢=+llx+1,
we have for an initial term, N, being=0,
Nos=v""l-.
The method of forming this is obvious.

. ¥ The process of this problem is very clearly described in a paper by Dr. Zillmer
in vol. xv, p. 25, of this Journal.
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For the remainder of the column, the expression being now of

the form, P+ QR, we have P=N_,,, Q=v**', and R=/s;,; and
the manner of proceeding here, too, is obvious.

It will be observed, however, that the operation here differs in
an important respect from those of the preceding problems.

In

them Q (the in factor) being constant, the setting on F remains
unchanged till the completion of the column; here, however,
Q(=v**") varies with «, and the setting has to be altered for
each term. The operation is nevertheless still continuous, inasmuch
as each result enters into, and forms part of, that which follows.

the formation of D..

i

by |
L Y CRUCRTE T, |

M= NSTO D

= e mscEEw— T

' o

—

OC~MNWEsEIO~TW®W D

- 1748 2508

v

520 3284
535 9383
552 0164
568 5769
585 6342
603 2032
621 2993
639 9383
659 1364
678 9105

% *

1697 3309

1800 6GYS4
1854 7193
1910 3609
1967 6717
2026 7019
2087 5029 |
2150 1280
2214 6318

* *:
5536 7575 |
5702 S6GO3
5873 9461 |
6050 1645
6231 6694
6418 6195 |
6611 1781
6309 5134
7013 79S8 |
7994 2126
7440 9391

49
135
274
469
723

1052
*
58866
6GOH33
62125
63652
65114
66513
67852
GO138
70373
71566
#

06223
96779
97245
97621

98224
98496
OS784

99113 |

99510
100000

The following is a specimen of the process.

N.

00000000
51171921
338132679
11-52456999
28-54817081
5856127708
106:21683880
17763822340

It includes also

D.

51171921
2:86G960758
814324320

17-:02360082
3001310627
47-65556172
71'42138460
10209457340

# % E
112263°88510
122846:57167
13403341048
14583906977
158278-19373
17136576851
18511734624
19954992379
21468101957
230530:25351

* e *

122762099017
1282812-70187
1339933-89072

 1395998-01663
97942

1460032:23307
152307848125
158819594106
165546303823
1724978-90228
1796867 04186
1871276:43286

10582:68657
11186-83881
1180565929
1243912396
1308757478
1375157773
14432-57755
15131-09578
1584923394
1658931550
* % 0»

0519171170
0712118885
5906412591
6103421614
63046-2 1818
65117-45981
6G7267-09717
G515 86105
7188813958
74409-39100
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The two columns following that containing the ages, represent
two cardboard slips, on which are written, in reverse order,
the terms of »* and /., respectively. Their position with respect
to each other and to the ages in the margin, is regulated in
accordance with the formula of construction. Here we have,
for example, opposite 2=96, 7 and /y; opposite 2=95, +* and
los, and so on. The process now consists in the multiplying
together of the corresponding numbers on the cards, in succession,
and the setting down of the results, as they arise, on the same
Ime. These, as stated, are the terms of N, corresponding to
the values of 2 in the margin. It will be understood that in
this process, in accordance with the formula of construction, the
results are not removed from the machine, (S,) alone requiring to
be effaced after each multiplication.

I say nothing here as to the method of procuring verification of
the foregoing process. I defer this, with further remarks on the
construction, till the next following problem shall have been
discussed.

Next, to form D.. 'We have, as above,

D,t-= "‘ﬁNx__]zN_r_]_N;r-

Hence the Column D, will be formed by differencing, in the usual
way, the Column N, when written as above in reverse order.
And the differences, when written as in the specimen, each opposite
the subtrahend by the employment of which it is deduced, will
be n their proper relation to the ages in the margin. And we
have now, consequently, in line with 2, »*+!, /., ,, N,, and D,.
To form D, independently of N, the same process as that for
the formation of the latter column would have to be gone
through, with the addition that besides (S,), (S,) also would have
to be effaced after each multiplication. The process also would be
discontinuous ; and in consequence, unless the work were per-
formed in duplicate, no verification could be procured till both
N: and M. should be in course of formation. If to this it be
added that the deduction of D, from N, is at least as easy as that
of N from D, sufficient will have been said to make it manifest
that, in the construction of a Commutation Table by the aid of
the Arithmometer, the proper course, in regard to the annuity
columns, 1s to commence the formation with N,. In the case of

the assurance columns also, corresponding advantages attend the
commencement of the formation with M,..
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ProBrLEM IV.—Given »* and d.; to construct Columns M,

and C...

Since, Me=Co+Coiyt .
&EI_I‘=_CJ:= —!.r':+ldx-
chce, BI;E+|=BIx"‘&BI;:l\I,r_ﬂri'ldx.

Column M., like Column N,, and for a similar reason, must be
constructed in reverse order. Accordingly, transposing, we have,

BI:= hl,r.*. 1 + ot Id_r,

a formula for the construction in such entire accordance with that
of the last problem, that little more is necessary than to direct
attention to the specimen here given.

o
520 3284 M. C.

2 | 5350883 | de -00000000

97 | 5520164 9 49681476 49681476

6 | 5685769 | 40 277112236 227430760

5| 5856342 | 86 780757648 503645412

4 | 6032032 | 139 1619210096 838452448

3 | 6212993 195 9830743731  12:11533635

2 | 6399383 | 254 41456187013 16:25443282

1| 6591364 | 329 66:24745769  21-68558756

0| 6789105 | 408 93-94700609  27-69954840

E * * £ 3 * X * E ¥* *

59 | 16978309 1667 | 700463125 982:94506

8 | 17482508 | 1592 | 7282:95278 978:32153

7 | 18006984 1527 | 7557-91943 274-96665

6 | 18547193 | 1462 | 752907939 9271-15996

5 | 19108609 @ 1899 | 8096-33888 26725949

4 | 19676717 | 1339 | 8359-81012 26347124

3 | 20267019 1286 | 862044398  260-63356

9 | 20875029 | 1235 | 887825039 9257-80661

1| 21501280 | 1193 | 913476086 9256-51027

0 | 22146318 1160 | 9391-65815 9256:89729

% E 2 b & E E *: * b

19 | 55367575 | 556 | 1782823462 307-84372

8 | 57028603 | 466 | 18093-98791 26575329

7 | 58739461 | 379 | 1831661047 929962956

6 | 60501645 | 818 | 1850900570 19239523

5 | 62316694 | 282 | 1868473878 17573308

4 | 61186195 272 | 18859-32593 174-58645

3 | 66111781 288 | 1904972716 190-40193

o | 683095134 | 3829 | 1927376015 994-03299

1 | 70137988 | 897 | 19552:20796 27844781

0 | 72242126 | 490 | 19906-19438 353-98642
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The cards here are »® and d., and their disposition, to accord
with the working formula, is somewhat different from that of the
cards in the last problem. Thus, in line with age 2 we have here
v**land d.. When so arranged, the process for the formation
of M, is identical with that of last problem for the formation
oF Ny,

To form C..,

Cm —_ Ah:[_‘[ — B'I_]r T h’:[ﬂ_' 41

Hence the column will be formed by differencing, as they stand,
the terms of M,; observing that here the differences as they arise
are to be written, not as in the last problem, opposite the sub-
trahends, but opposite the minuends. When so written we have,
in line with z, v**! d,, M., and C,..

It has not been usual hitherto to tabulate C,.. But this column
can be turned to such good account, for the formation of various
subsidiary tables by the aid of the Avithmometer, that it will
probably come to be tabulated, in a special category, along with
others similarly adapted, such as Aa,, D', N7, &e.

When we multiply together two factors, of which one is a non-
terminating number, a portion of the result has to be rejected, as
not properly belonging to the product ; since it would be altered
if the non-terminating number were further extended. And
therefore it is that in the process of contracted multiplication
labour 1s saved by so arranging the work that only the correct
portion of the product is formed. The Arithmometer attains the
same end m another way: in the use of it we form the entire
product of the numbers submitted to it, and we neglect the useless
figures in recording the results. It is therefore desirable to he
furnished with a guide as to the extent to which this process of
curtallment ought to be carried.

In the case supposed—the multiplication of a terminating and
a non-terminating factor—we know that we can depend upon
about as many figures in the product as there are of significant
figures in the non-terminating factor; and hence in the several
terms of D, and C., we shall have as many places true as there
are m the terms of »* which enter them, respectively. Also, in
the several terms of N, and M., which are respectively sum-
mations of series of terms in D, and C,, we should expect to
find one or two more figures correct than in the corresponding
terms of D, and C..
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We may say, then, that in the formation of N, and M, it is
unnecessary to record any term to more than two places beyond
the number of significant figures in the power of v in imme-
diate use,

We shall find these conclusions verified in the case of the
columns before us. I have used in the formation the column »*
(3 per-cent) as contained in Jones, vol. i, pp. 79 and 82, having
first verified it by the aid of the Arithmometer. It contains
seven significant figures at the outset, which further on are
increased to eight; and I have used it to its full extent for
experiment, although generally one or two places fewer will be
considered sufficient.

Corresponding values in N, and M. are connected by the
equation,

M;=vN,_,—Ng;

and applying this at a few points we find,

MN -_— 66:24745 ,576
M= 7004:631,09
M,,=17828:234,95
MH}: 19906 1939,3

The commas indicate the extent to which the values thus formed agree
with those formed by the use of the machine. The agreement in the
four examples extends to seven, eight, and nine places, respectively ;
but when we attend to the manner in which the formula lends
itself to these deductions, we shall not fail to see that in each
case the correctness of the Ns concerned is established generally
to two places more. For example :—

103) 128281270187 Nis
124544922512 vNis
122762099017 Ny

17828234,95 M,

Ten places in N3 and N, we perceive here come into use for the
determination of the eight correct places in M;;. We conclude,
therefore, that at this part of the table N. may be depended on
to ten places of figures, and no more than this number need have
been recorded.

Also, if the work has been correctly performed, there appears
no reason why M. should not be accepted as true to the same

C

s a
o BN
iy
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extent as Ny. As to the number of places to be finally tabulated
for use, the computer will, of course, follow the dictates of his own
judgment.

By the use of the foregoing formula, N, and M, may be
verified as the work proceeds. Both columns being brought down
to the same point by the formation of, say, twenty terms in
each, comparison can be made at this point as above shown. If
found satisfactory, the formation may be continued till another
point of comparison is reached; and so on till the columns are
completed.

It is hardly necessary to point out that the contrivance formerly
suggested for correcting the last figure retained in the several
ternis, cannot in these constructions, be advantageously applied ;
the reason being, that here the last figures vary in their distances
from the decimal point.

The pegs also are employed here in a manner different from
that in which they came into use in Problems I and II. They
are now employed to facilitate the recording, by simply separating
the results on S, into convenient periods.

ProsrLeM V.—To construct a complete table of the Values of
Temporary Annuities; that is, a table which shall comprise all ages
and all durations.

This benefit, being a function of the ages at commencement
and cessation, say  and w (to the former of which ages also its
value is referred), it will be here for convenience denoted, in accord-
ance with the usual functional notation, by ¢ (2, w) ; and its duration,
consequently, will be w—az=n.

Its value 1s

¢(;r, w):NIB#Nw=D_,"'.(N,—Nw) e el (6)

The work of construction will be arranged as in the example
following, in columns, having at the top the successive values of z,
and at the side those of w. Hence w will vary in the columns, and
« in the rows.

The formation in columns being the more convenient, let, first,
w vary. Then we have from (6),

ﬁ@(l‘, Ha) =—Dy"LANG=D:"". qu—l 5

whence, ¢(-‘h w+1) =¢[¢: w) + D, Dy



This is of the form P+ QR, Q(=D,~") being constant.
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By

the aid of this expression the columns will be successively formed.

134392 | 139105 | 143852 | 148661 | 153569 | 158614
S 10 11 12 13 14 15

w D, 2 i
10 | 744094 | 0000
11| 718881 | 9661 | 0000
12 | 695159 | 19004 9670 | 0000
13 | 672671 | 2:8044 | 10027 | -9677 | 0000
14 | 651175 | 3°6795 | 2°8085 | 1'9044 | 9680 | -0000
15 | 630462 | 4'5268 & 3°6855 | 2:8113 | 19053 | -9682 | -0000
16 610342 | 53470 | 45346 ' 36893 | 2.8126 190556 | -9681
17 | 590641 | 6:1408 | 5-3562 | 4:5389 | 36907 | 2:8125 | 1'9049
18 | 571212 | 6:9085 | 61508 | 53606 | 45399 | 3-6897 = 28100
19 | 551917 | 7°6502 | 69185 | 61546 | 53603 | 45373 @ 36864 |
20 | 532763 @ 83662 | 76596 | 69210 | 6:1524 | 58555 45314 |
. g e R e . SR S

The process is as follows:—The successive values of D ™!
(=1--D,) are written in order, each at the top of its proper column,
and a card containing a transeript of Column D is placed at the
side, as shown. Then, observing that, as appears from (6), when
z=uw, ¢(x, w) =0, this may be at once inserted as the imtial term
in all the columns. Now, set D), = 134392 on F, and multply
successively by Dy, Dy, &c.; the results will be the terms in
Column 10 opposite the ages 11, 12, &c. And so Column 10 will
be filled up.

Moving the card forward into connexion with Column 11,
setting the reciprocal at the top of the column upon F, and mul-
tiplying successively by Dyo, &e., this column will be filled up in
like manner. And so the columns may be filled up in succession,
till the table is completed.

The method of construction here may be looked at in a some-
what different manner. The terms occupying, say, the column
headed z, are the values of annuities on (2) to last one year, tsvo
years, three years, &e.; and they are respectively equal to

One year, Pﬁ-‘*—! ;

Two years, D]';*' - Dl';—'"-' ;
£ .

T]lm yﬁam’ ﬁ“'l -I‘ DDJ-IPi —" D5+H,
£ o £
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and so0 on, the annuity for n years being formed by adding another

term, Pﬁﬂ , to that for n—1 years. And the process deseribed is
E o

nothing else than the orderly formation of these terms, and the

adding of each, as it is formed, to the preceding result.*

The intelligent computer, also, will not fail to observe that, as
the additions made in passing from each value to the next consist at
the outset of no more than four places, which number becomes
reduced also, as we descend the columns, to three, two, and one, it
would be a waste of power to continue to employ six places in the
factors by the multiplication of which they are produced. It must
be left to his own judgment to determine the points at which, and
the extent to which, curtailment of the factors can with safety
be made. The verifications will serve as a check on excessive cur-
tailment.

Verification will be obtained, as in other cases, by the separate
formation of a few rows at suitable intervals.

When « varies, we have, from (6),

Arp(z, w)=A.(Dy"'N;) —=N,.AD,™,
= ﬁa;—'Nuu AD;-I 3
whence, ¢(z+1, w)=¢(z, w)+Ada,—N,.AD,~"

This expression is unsuited for our purpose; it does not give a
continuous process fitted for the application of the Arithmometer.
We must, therefore, arrange for the independent formation of each
term.
Resuming (6), the successive values of the numerator, when
varies, arve easily formed, as follows:—

A:(Ne=Ng)==D, 45
whence, (Neg1—No) = (N-!\"" Nu) —Desa.

So that, forming this function for =10 and any constant value of
w, say 20, the succeeding values will be formed by the continuous
subtraction of the terms of D, in order, commencing with D,;.
Then, writing opposite the terms thus formed the reciprocals D,
&ec., also in order, multiplication of the corresponding terms, by
the machine, gives the required results.

# Sce General Haunyngton’s paper, already referred to, p. 252,
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The following is the whole of the work for this row:—

N,I_'Nm D:-l ¢(¢, 20)

N,, 1796867

N, 1174345

10 622522 184892 83662
71888

11 550634 189105 76596
69516

12 481118 143852 69210
67267

13 413851 148661 61524
65118

14 348733 153569 = 58555
63046

15 285687 158614 45314
61034

16 224653 163843 36808
59064

17 165589 169308 28036
57121

18 108468 175066 18989
55192

19 53276 181187 09653
53276

20 00000 187701 00000

The formation of three or four rows in this manner will be
sufficient, the values formed being inserted in their places before
commencing the construction in the columns.

ProsreM VI.—To construct a complete table of the Values of
Deferred Annuities.

This benefit, like the last, being a function of two ages,
namely, the present age, #, and that at which the annuity is to
be entered on, w, it will be, for our present purpose, denoted by
¥(z, w).

We have, then,

N ’
Yz, w) = =D""Ne . ¢« . .. (D

x
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First let w vary, and we have,
Ar(z, w)=D,"".AN,= G ) el ) J
Whence, ¥(z, w+1)=Y(z,w)=D;"Dpsr. . . (8)

By this formula the required table may be constructed, the
values in which z, the present age, is constant, taking their places
in the columns, and those in which w, the age at entry, is constant,
taking their places in the rows.

The following is a specimen of the commencement of the table.

134392 | 139105 | 143852 | 148661 | 153569 158614

e 6 11 12 13 14 15
W L !
10 74409 24°1485 | | | |
11 71888 23°1823 | 23-9953 | |
12 69516 22:2481 | 23:0283 235142 |
13| 67267 21:3441 220926 22 8465 236103
1465118/ 204659 | 21°1868 | 219098 | 22:6422 | 23-3898
15 63046 19 6217 20-30938 | 21°0029  21-7050 22'4216 23-1581
16 61034 | 18°8014 194608 | 20 1249 | 207976 214843 22-1901
17 | 59064 | 180076 156392 | 192752 |19 9196 205772 212532
18| 57121172400 178446 154535 | 190704 197000 203472
1955102 | 164982 17:0768 176596 | 18:2199 188525 | 194718
20| 53276 15'782346'3357116-3932 17-4579 15:0343 | 186267

L L

- - - l A L *

The numbers at the tops of the columns are, as in the last
problem, the successive values of D,~?, corresponding to the ages
over which they are placed, respectively; and the column on the
left, represents a card containing the suceessive values of D,,.

In the initial term of each column z=uw; so that these terms
are, in fact, the whole-life annuities at the ages under and opposite
which they are found.

For Column 10 we have for the initial term,

4’{10, 10] - Dm— IN"} .

Hence, taking Dy,"'(=134392) for the in-factor, and, with
the regulator at addition, multiplying by N,(=1796867), we
get for the first value in this colwmm 24-1485. The regulator
is now reversed, in accordance with (8), and multiplying by Dy,,
D,., &ec., the remaining values in this column are successively
produced.

For Column 11 the initial term is Dy; 7Ny, = 139105 x 1724979,
and the successive multipliers are Dy, D3, &ec.; and so on,
throughout the remaining columns, the process in all being similar.
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The card is moved forward as the work proceeds, being always
placed against the column in course of formation.

Values for verification arc obtained as follows. Let, m (7), 2
vary, and we have,

A (z, w)=N,.AD,"*;
whence, Y@+ 1, w)=vyz, w) + Ne. AD."\

By this formula we should be able to form in succession the values
occupying any of the rows; for it is in these that a varies while w
1s constant.

The following shows the formation of the row corresponding to
w = 20.

x Y (z, 20)
10 | AD:™ | 157823
11 | 418 | 168357
12 | 4747 | 165932
13 | 4809 | 17-4579
14 | 4908 | 180343
15 | 5045 | 186268
16 | 52290 | 192408
17 | 5465 | 198826
18 | 5758 | 205558
19 | 6121 | 212776
20 | 6514 | 22:0426

» i E *

The initial term here is Y+(10, 20) =NaD;;™!; and Ny bemng
constant it is taken for the in-factor, and set upon F. Multiplying
now by D,,~(=134392) and the differences of the series of which
it is the first term (here represented as written on a card), and the
regulator being at addition, the required values are produced in
succession, as shown. Verification of this series is had in the visible
correspondence of its last term, (20, 20), with a.

The formation of three or four of these horizontal series will
be sufficient, the terms of which should be inserted in their places
before commencing the construction in the columns.

It will be observed that only five places have been used in the
terms of D,, employed in the process. The terms of D", the other
factor used in the formation of the addends, has six significant
figures; and the product of these two ean certainly be depended
on to five places, while four is the utmost extent of the addends n
the columns. An effect of the restriction of the out-factors, when

it can be done with safety, is, of course, a saving of time and
labour.
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Since ¢(2, w) 4+ (x, w)=a,, it follows that, in consequence of
the arrangement adopted in the formations of Problems V and VI,
the sum of corresponding values in the two formations is equal to
the value of the whole-life annuity at the age under which the two
values are found. Thus, in Column 13, and opposite 17, we have,
for example, 36907 +199196=236103, =a,;5. And in this
manner any of the values formed may be checked.

The results of the two problems admit of arrangement in one
table, as follows:— '

1 AT
10 - it 13 12 13 14 15
| BEFOR 82 S 8 A
10 | 241485 | 23-1823 | 22:2481 | 213441 | 204689 | 196217 ' 10
11 0661 239953 | 230283 | 220926 | 21-1868 | 20:3098 | 1
2| 19004 | 9670 | 238142 228465 | 21-9098 | 21-0029 2
3| 28044 | 10027 | 9677 23:6103 | 226422 | 21-7050 3
4| 36795 2:8085| 19044 | 9680 233898 | 22:4216 4
)

15| 45268 | 36855 | 28113 19053 | -9682 | 231581 | 15
6| 53470 | 45346 | 36893 | 28126 19055 9681 6
7| 61408 | 53562 | 45380 36907 | 2:8125| 19049 7
8| 69085 | 61508 | 53606 45399 36897 28100 8
9| 76502| 69185 | 61546 53603 | 45373 | 36864 9
20| 83662 | 76596 | 69210 6'1524 53555 45314 r 20
. « v e [ SR Gt s | =

The deferred annuities occupy the upper part of the table, the
values of 2, the present age, being at the side, and those of w, the
ages at which the annuities are respectively to be entered on, at the
top. The temporary annuities occupy the portion of the table
below the diagonal, and as regards them the positions of the values
of z and w are reversed, those of the former being at the top, and
those of the latter, which are the ages at which the annuities are
respectively to cease, at the side. The diagonal is legitimately
occupied by the whole-life annuities, the indications connected
with which are to be read in conformity with those of the deferred
annuities. Thus, under 14 and opposite 14 we have 23:3898 =a,,,
the annuity on (14), commencing at 14.%

ProsrLeEmM VII.—To construct Columns D, , and N, ,.

To effect these constructions we may commence with either

of the two functions specified, and thence deduce the other by a
simple operation.

* See the Institute Tables, Introduction, p. xxxv.
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First. To commence with D, ,. If z is equal to or greater
than y, we have,
DigmblormDely s i - < i (9)
Let y vary; then,

&yl):.y=D.f'ﬁlr= _D‘dﬂ
since d, is negative. Hence,
Dr.r+I=D#.y-‘Dtdl'

[t 1s most advantageous to form the series in reverse order. There-
fore, transposing,

D.r.]r= .r,;-+1‘+'D,d'.
Or, changing y mto y—1,
Do =Dl SRR - V- S0)

which 1s of the form P+ QR.

The work will be first arranged in columns, in which » is
constant, and y consequently variable. And to facilitate subsequent
operations it is desirable that values of the function in which #—y
is constant should occupy the same row. We have therefore, from
(9), for the initial terms in the successive columns, Dylor, Deglos,
Dgslos, &e.; and (10) is the working formula for the completion of
~ the several columns.

The following 1s a specimen of the work, showing the com-
mencement of the first four columns.

5117 28696 81482 | 170286 |
s-y—— 97 | 96 95 94 |
< 3 b £ (EE Rl Rl BRReai: Sl
0 9 046053 | 1406104 | 10 993320 46644664 |
1! 40! 250733 | 3873960 | 22:312368 | 79-840684 |
2| 86| 690795 7862704 | 35:191608 = 123080628 |
3| 139 | 11402058 & 13458424 | 58875336 | 179-088272 |
4| 195 | 2399873 20747208 | 85666464 = 248544560
5 254 | 8699591 | 30188192 | 118890720 = 332:8113S0 |
6 820 | 53883084 41896160 | 159199560 437506520
7| 408 | 7470820 56100680 | 200280240 569-098948
8 | 495 | 10003735 | 73748720 | 272227176 = 729291024 |
9| 615 13150690 [ 05930728 | 348854688 | 923019592
10 | 773 | 17106131 l 122933664 | 441-524304 | 1152157248
» 041 » | . '
1138 |
1346
*
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The values of 2 are, as stated, at the top, each in connexion with
the column in which it is constant, and over these are placed the
values of D.. The values of 24—y are at the side, each being
constant in the row opposite which it is placed. The values of d,,
in reverse order, are on a card represented as applied to Column 97.
The first step is, setting Dy;=5117 upon F, to multiply by 9=14;,
which gives 46053 =Dy; ;. And the column is completed by
using continuously as multipliers the successive terms of d,, com-
mencing with 40, the second term in this order.

The card is now moved forward to the next column, and at the
same time upwards one line; and by a similar manner of proceeding
this column, too, will be filled up. And so on with the other
columns in succession.

I have pointed the values formed in the specimen in accordance
with a radix of 10,000. In consequence, the necessity for the
exhibition of many useless figures, in the values corresponding to
the younger ages, will be avoided. Thus we should now have
Do 10= 744094000, instead of 74409400000.

Verification is obtained as follows:—Let, in (9), 2 vary, and
we have,

A D =LA
whence, Do y=Deg+ L-AD.
Transposing, and writing z—1 for 2,

Diisy=Dg y—5. 8Dz

The series here indicated, in which # is constant and 2 decreases
by a unit in passing from term to term, ascend diagonally in the
preceding formation, as a little consideration will show. And the
construction of three or four of them, at intervals, by the aid of
the formula just deduced, will suffice for the verification of the
whole work.

The following is the formation of a portion of the series com-
mencing with Dg; g7 (#—»=10). It must be observed that AD,
being negative, the regulator will be set for addition.

a—y | 87
10 AD, 17106131
9 23579 95930728

8 52736 272227176
7 88804 569098948
6 | 129895 | .
L3

¥
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Here [,=ls;=238843, being constant, it is taken for the in factor,
and set upon F. Successive and continuous multiplication by
Dy;=5117, and the terms of AD,. in reverse order, will then com-
plete the series, which will consist of eleven terms, terminating
'With Dg“;_g';'.

The following is the commencement of the formation of the
first four columns of N, ,.

x | Diff. 0. Diff. 1. Diff. 2. Diff. 3.

96 046053 250733 ! ‘690795 1'402058
1406104 3'873960 ‘ 7862704 | 13458424

95 | 1452157 4124693 | 8553499 | 14860482
10993320 | 22:312368 | 388-191608 | 58875336

04 | 12445477 | 26437061 | 46745107 | 73:735818
16°644664 | 79840684 | 123080628 | 179088272

93 | 59:090141 | 106:277745 i 169-825735 | 252:824090

Ed -

* * *

The terms of D, , occupying the rows in the last formation are
transcribed in columns, as shown; and by continuous addition the
terms of N, are formed. The values of x only are inserted.
These are constant in the ows; and so the value of y in auny
particular term is determined by subtracting the Diff. at the top of
the column from the value of z pertaining to the row in which the
term in question is found.

There is another method of arranging the results in the
formation of D, ,, by the employment of which the labour of
transcribing them for the formation of N., is saved. The
arrangement is that adopted by General Hannyngton in the example
in his paper of the construction of D, ,. In it the successive results,
which in the preceding formation are written in columns, are written
in rows, commencing in all cases in the first column. In con-
sequence, the terms of D, , in which #—y is constant occupy the
same column; and if the rows are written, not on succeeding but
on alternate lines, we are prepared immediately, on the completion
of D, ,, for the formation of Nz ,.

The following is an example.
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x |——n | Diff. 0. | Diff, 1. | Dife. 2. Diff. 3.
e — L e ey -
97 5117 046053 | “2R07A3 6I0795 | 1:402058
96 25696 1406104 3873960 | TRE2704 | 13 458424
1452157 4124693 8-553409 14-860482

95 H1432 10893320 | 23-312368 38101608 HE-8T3330

12445477 | 26437061 467745107 | 73735818
94 1570236 AG-641164 70840884 123 oqno.aa t’.r'E]‘ﬂHS:!’.FB
50000141 | 106277745

|
| 252-824000 |
93 | Jo0131 1.4-0 .rf_l].ldﬁ] 216:994713 FA8- 101260

| ]‘4‘1 buloBU / 485-563547
02 | 476556 B4d-549088 aUl JJE;LBlz» 695 FTLTR0

: S41M01A68 | 824600870 1131 33930{
a1 | 714214 701353128 | 10427 20 13

BOL015350
DI 666380
1622682330
1835'525}‘380

3-1-98 212310

1205754606 | 1867 361910 2557021

90 | 102005 T480-58700 100505725 262384150 | 8413703585
ARGE-31906

637124516
BO32-30040

4507 3

80 | 140510

| Ha9 17720 TA82° 13606 "3'“1‘-: BEL : 1200354850
SR 180658 ISG‘J 0 3(3.50 6T :30'%: SLGTE3A0 | 1033753008

10430-11350 | 1385586613 | 18076-57501 | 232.41-07954
87 25545 | 83300265 | 100136380 | LuS3022790 | 1728351760

| 1507801087 | 24700-13023 | 3102650204 | 40329-59714
* | * £
The values of # at the S].dt. are those th?t belong to the terms
of D in the rows opposite which they are placed ; anid the valucs
of the same symbol belonging to the terms of N, ,, if inserted
opposite the rows m which these values are comstant, would be
each a unit less than that occupying the line above it, observing,
however, that Dy i =Nug .
But, secondly, we may commence the construetion with N
whenee it is easy to pass to D

R
L
Sinee, N-!‘-:’F:I')-F-t-l.!r-rl+D.'c!-i-2.3.’4~_'+ e
therefore, if 2 and » both vary,
ad'-.f!N-V-.’-f: _D-I‘-}-l-?-"-i—l = "‘"-l-].z'-;-]’iy-l-t .
Whenee, M= g =Das i
Transposing, as the serics must be formed in reverse order,
N-*-.H = N-'-‘-I-I-IH-'L =k U-h‘-»—l'{gH-l ,
or Nt g1=Ney+Dudy.
And by this ibrmula, which corresponds to 1’4-QR, where both
Q and R vary in passing from each term to the next, the table may
be constructed.
The following 1s a specimen, showing the commencement of the
first four columns.
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A B e B 1 Diff. 1. Dift. 2. Dift. 8.
96 5117 9 | 046053 250733 | ‘690795 1:402058
05| 28606 49/ 1452157 4124693 | 8553499 14:860482
94| 81482| 135 : 12-445477 26-437061 46745107 73735818
93 | 170236 | 274  59-090141| 106-277745| 169-825735| 252:824000
92 | 300131 | 469 | 199-851580| 323-272458| 485'563547| 691°015350
91 | 476556 | 723 544:401568 | 824609370 | 1181:335307 1622682330 |
00 | 714214 1052 | 1205-754606| 1867-361810 | 2577-623677 | 3458212310
89 1102005 |1460 | 2786'34170 | 3863-31906 | 520146518 | B871-24816 |
88 | 140810 |1955 | 558017720 | 7482'13606 | 9908-74348 |12003-54856 |
87 | 190659 | 2570 | 1043011350 |13855'86643 | 18076-57504 23241:07954 |
86 1255445 | 3343 | 1897863985 | 2479913023 | 31026:80204 |40529-59714 |
F s 14284 . 3 . ; '

5422

6768

#*

It will be at once perceived that the process here, as regards the
individual eolumns, is analogous to that of the formation of N, in
Problem III. The card containing +* there, is here replaced by
one containing D.; and the successive operations are, in both, the
multiplying together of the two factors in line with each other.
On the completion of each column the cards are moved forward into
connexion with the next, the one containing /. being at the same
time raised one line, so as to preserve the proper relation as to
difference of ages between the factors that come together.

In practice, the alternate columns will be left blank, to receive
. the terms of D, ,, which will be formed by differencing, as in the
example of Problem III. This need not be exemplified here.

I am not prepared to say absolutely to which of the two
methods that have been explained the preference ought to be
awarded. I incline at present to prefer the first, that in which
we commence with D, ,, arranging the results as suggested by
General Hannyngton. This method is certainly attended with less
labour and risk of error than the other, inasmuech as in it the setting
on F has to be changed only once for each column, while when
the second method is used it has to be changed for each value
formed. In the first method, also, the terms of D.., admit of
exact verification, as I have shown, and it is easy to secure the
correctness of the terms of N, by preliminary addition of the
terms of D, , in groups; while on the other hand, when the second
method is employed, there is no other way of verifying the work
than by repetition of the process.

A drawback in the use of the first method is that, unless an
assistant is available, it is less convenient to record the successive
results in rows than in columns. This drawback probably will
not, in the circumstances, be deemed of much importance.
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A more extended experience than has yet been acquired will be
necessary to determine the question authoritatively.

In the examples under the present problem the values formed
are given to their full extent. But it must be understood that
those of D, , have no claim to be true to more than six places,
and those of N, , to more than seven, perhaps eight. If this
extent shall be judged insufficient, it will be no difficult matter,
with the means now available, to form a new Column D, to seven
places, for special use in the formation now under consideration.

I may, perhaps, be allowed here to say, that the first of the
foregoing methods of construction, apart from General Hannyngton’s
manner of arranging the results, is substantially one that I developed
and practised upwards of twenty years ago.* It is perfected by the
employment of the Arithmometer in the formation of the addends.

ProeLEM VIII.—To construct a table for the formation of
Survivorship Assurances.

A survivorship assurance on (z) against (y) is an assurance
payable at the end of the year in which the combination (z.y) is
dissolved, provided the dissolution is caused by the death of ().

The value of this assurance, in respect of the nth year, is the
value of the sum payable (supposed a unit) inte the probability of
the concurrence of these two events, namely, that (z) shall die in
that year, and that (y) shall live over half of it. This gives

d. A"
Ex,y 2
in which Ay=3(/, +,+1), the number-living at age y-+4, on the
hypothesis of uniform distribution of the deaths of each year.
Summation of this expression, for the proper values of n, will give
the value of the assurance with reference to the whole or any
portion of the future lifetime of ().

Making n=1, and multiplying numerator and denominator by v*
for the compartment of the table in which & is not less than y, and by
¥ for that in which ¥ is not less than 2, we have the following expres-
sions for the value in respect of the first year in the two cases:—

!i,‘)l-yl‘-x"'l d é}wt.y-ﬂ

Ay o

Consequently, D, , having been already formed, we have now to

form only the numerators of these expressions, of the first for

every combination of # and y in which & is not less than y, and of
the second for every combination in which y is not less than .

The following is the commencement of the two series d, and

* See Tables and Formule for the Computation of Life Contingencies, (1849,)
pp- 149 to 181; and dssurance and Annuity Tables, (1851,) Introduction, p. x.
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Ay, with their differences. The former is given in the mortality
table, and the latter is formed in accordance with the relation
N=3(l+ ).

aby| & AT % | A
97 9 45
40 81 290 | 245
86 46 920 | 630
139 53 2045 | 1125
195 56 3715 | 1670
254 59 5960 294-5
329 75 8875 2915
408 | 79 12560 3685
495 87 17075 451'5

615 120 22625 | 5550

773 158 2956-5 6940

941 168 38135 8570

1138 197 4853-0 10395
1346 208 60950 12420
1545 199 75405 14455
| 1719 174 91725 16320
1883 164 109735 18010

] 2015 132 12%?25 19490

# *

*

aowwwmmmqm%o.—at\:w@mc‘-

It may be well to remark that, the terms being arranged in reverse
order, it is necessary, for the purpose of securing the correspondence
of the differences with the ages to which they individually belong,
to place them each against the term which constitutes the minuend
in its formation. And they are all properly negative.

The formation for each age of the functions d,v**! and Ay¥*!
is the next step. For this purpose the Arithmometer comes into
use. The commencement of the formation is here shewn, but it is
so plain as not to stand in need of explanation.

aby] o7+ dy | det®™t | Ay Ayt

97 | 5520164 9| 496815 | 45 24841
| 5685769 40 2274308 290 164887
| 5856342 | 86 | 5036454 920 538783

| 6032082 | 139 | 8884524 | 2045 1233551
6212993 | 195 | 12115336 | 8715 2308127
6399383 | 254 | 16254433 | 5960 3814032
6591364 | 329 | 21685588 8875 5849836
6789105 | 408 @ 27699548 | 12560 8527116
6992779 | 495 | 84614256 | 17075 | 11940170
7202562 | 615 @ 44295756 | 22625 | 16295797
7418639 @ 773 = 57346079 | 29565 | 21933206 -
7641198 | 941 | 71903673 | 388135 | 29139709
7870434 | 1188 @ 89565539 | 48530 | 38195216
8106547 | 1846 91141226 @ 60950 | 49409404

8340743 | 1545 129003529 | 75405 | 62961287
LR E] L *

o0
FWE ATV O-IDWE=S



82

.

We are now prepared for the principal formations.
When « is equal to or greater than y, we have, if y vary,

Ad gt i=d Pt A,;

whence

d.g?\-y_,, = dxl.yv”* 14 d,)\.ytr‘“'l. &)\.y -

and for the formation in reverse order, by transposition,
Ao = dghy 0™ — d A7 AN,

Finally, changing y into y—1,

dody P =d At —doA, "L AN, .

By this formula, which is of the form P—QR, the required values

are to be constructed; but AX,_, being negative, the regulator has

to be set for addition.
The following is a specimen of the process.

.

x>y
x| de=tl | Ay (2| Diff. 0. Diff. 1. Dift, 2. Diff. 3. Diff, 4.
97 49682 4597 ‘02236 "14408 *45707 1’01600 184569
245
6| 227431 290 ‘65055  2:09236) 465004  8:44902) 18-55483
630| 6 68191 2'23644 510801 9'46502| 15740052
5| 503645 920 4:63354] 1020056/ 1871044 30-01730| 44-69858
1125 b 5-31545| 12'53600| 2381845  39'48232| Googoio
4| 838452 2045;i 17-14634  81:14849 409717 | 744126 | 1053096
1670f 4| 2246179 4368449 737992 | 1138949 | 165'408;
3(1211534| 3715 450085 | 722074 | 1075236 | 1521687 | 206-8694
2245! 3| 674703 | 1158919 | 18173138 | 266'0636 | 37272781
21625448 5060/ 068765 | 1442582 | 2041558 | 2775446 | 3677567
.k | 2915 2/ 164'3468 | 2601501 | 3854696 | 5436082 | 7400348
1/2168559, 8875 1924595 | 272:3700 | 8702813 | 4906362 | £41-1342
3685 1| 3568063 | 5325210 | 755°7509 | 10342444 | 1381°16g0
0276995512560 347-0062 | 4720696 | 6267021 | 8189369 | 1056-322
| 4515 O] jo4:7125 | 10054906 | 1382'4530 | 1853'1813 | 2437°491
80(3461426(17075 591:0385 | 7831476 | 1023:3706 | 1320-0148 | 1679-830
555089 1295°7510 | 17886382 | 24058236 | 3173'1961 | 41177321
8l4420576/22625 | 1002192 | 1309604 | 1689-219 | 2149-678 | 2600-827
| 6g40| 8l 2297°943 | 3098'242 | 4095'043 | 5322869 | 6817'148
ni5734608/29565) | 1695-437 | 2186:893 | 2783-005 | 3495244 | 4324-181
| 8570| 7| 3093380 | 52857135 | 6878-048 | 8818'113 |11141'329
6/7190367/38135 | 2742:047 | 3480485 | 4382520 | 5421-897 | 6595-365
{10395 B 6735°427 | 8774621 |11260'577 |1424°0010 |17736:604
5/8056554 48530, | 4346616 | 5450020 | 6753690 | 8215399 | 0828475
5 | 511082043 14233641 (18014267 |22455'409 |27565°169
- | - L L L i L - - "
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Here, as in the example of the last problem, to facilitate the
subsequent summations, # is constant in the rows, and 24—y i
the columns. The results, as they arise, have consequently to be
written in the rows, commencing in each case in the first column,
Diff. 0. There are in the example two columns headed 2. The
ages in the first of these columns are opposite the rows in the
principal eolumns occupied by the successive terms of dAv**!,
and the ages in the second are opposite the rows oceupied by the
summations of the same function. The columns between those
containing the values of x, are occupied, as shown, by the terms of
two of the series whose formation has been exemplified.

The process of formation is as follows. To form the row cor-
responding to any given value of z, take the proper term of
d**1 for the in-factor, and multiply continuously by the adjoining
term of A, and the differences of this series, commencing with
ANy _;. The regulator is at addition throughout, sinee the differ-
ences of A, are negative. A slip containing the differences should
be placed on the machine in front of the operator; and to aveid
error, each difference as it is used should he covered with a paper
weight.*

Series for verification may be formed as follows ;—

The function is

dm)“ﬂ_!‘-.r+l ;
Hence if 2 vary,

An(dAv*+Y) =N, A(dgo™+1) ;
Aop Mg 2= d v Ny A (d ot +1) 5
or, changing # into »—1,
A =dy_ Ay0® + Ny A (de_yv7).

The series thus indicated is one that, commencing in Column 0,
(x=w,) ascends diagonally. The formation, commencing with
age 85, 1s as follows :—

* A better plan, perhaps, will be to insert the differences, as in the example,
between the terms from which they arise.

D
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T ﬁti::?‘“'“ | lgsdap%“"“

85 4346616
6 | 1766187 | 8489486
7 | 1455759 | 2783005
8 | 1805032 | 2149673
9 968150 | 1679830

90 691471 | 1344259
1 601396 | 1052401
2 543116 7885280
3 413909 5879575
4 378082 4069008
5 334807 2444194
6 276214 1103718
7 177749 241107

49682 000000

Taking g for the in-factor, we have here for the initial term
Ao X dgsv™, =4346616; and the succeeding terms are formed by
continnous multiplication by the differences of the series d "',
the regulator being set for subtraction. Verification is had by the
term beyond 97 coming out equal to 0.

We have now to attend to the construction of the values of the
function for the combinations in which # is equal to or less than .

The funetion is,

Wl .
At

and if  vary we have,
A (dgo¥ ) =X+ Ad,,

Whence,

Bpht¥ P =d AoV - AL Ad s
and for the formation in reverse order,

dahyvtt +1 =(E_l.+1l.ya.';+' — AL Ad,
And changing @ into 2 —1,

e 1AV =d AVt N v+ L Ad,

which is the working formula.
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The following is-an example, showing the commencement of

the process.
<y
1= | |
w| At |, g,ri Diff. 0. | Diff. 1. i Diff. 2. | Dift. 3. | Diff. 4.
B W EE T |
97 24841 919.- 02236, 04936 21363 ‘34529 *48440
31
i 16-1887: 40{ | ‘65955 141803 2:20194 321581 4:18814
46: 6 68191 t'_l;l‘,'_ql_]' 2'50857 356060 465254
5| 538783| 86 | 4'6335-11 748900 10-50628 13:68510, 17-72508
83l 5 5'3TE4E 9'o0648| 1301185 1724570 22°39852
4 ]233:'151: 139 | 1714635 24'00423 31-33218 4(]‘58381 5032886
i 56| 4 22'46180| 33 oﬁo;r: 44°34403 5, B2951] y2y24938
3 2308127| 195 | 4500848 5862643 7593738 94:17158) 114-2528
| 50| 8 6747028 gr68714 130'33141 152'00109, 186'9597
2 3814032‘ 254 96-87643| 125°4817 | 155'6125 188-7946 | 234-5630
75| 2 164'34671| 21771688 | 2758939 | 340'7087 | 421'3427
1| 5849836, 329 192-4596 2386733 289-6668 3697649 | 452-1922
| 79/ 1 3568063 | 4ssBaar | 5654607 | 7005606 | 8737349
O 8527116 408 3479063 4220022 5244176 659-1460 | 8024015
| 871 0 joayra6 | 877°9343 | 10898783 | 1359'7066 | 16761364
8011194017 | 495 | 591 (}‘384 734:3205 9229751 | 1123-570 1358-791
| 12089 129577510 16122548 | 20128534 | 2483277 | 3034027
81620580 | 6']5: | 1002 }.91 1259-666 | 1533434 1854-461 2193-414
| s ips o .
i t58 8 2207042 | 2871920 | 3546287 | 4337738 | 5228:341
712193321 ! 73| | ‘IBE}a 437 | 2063915 2495999 | 2052-209 3588680
. et e
| 168] 7| 3003:379 | 4935' qu 6042286 | 7280°047 8617931
62913971 ; 941‘ | 274-2-047 3316:099 | 3922-204 | 4502:085 | 5009- 118
6 67 35426 | 251934 | 9964490 [r1792°032 |136=ﬁ 137
5/3819522 1188 | 4345615 | 5141076 | 5901161 | 6565757 | 71921159
| | 51 1082041 |[13393'010 [15865651 [18357°789 jzaﬁlﬂ 26
- ™ | & Ilm = - * #*

The formation here is in such entire aceordance with that of

d.Ape*1, already given, that explanation of it would seem to be
superfluous.  Comparison of the two examples will show that they
differ only by the 111terchange of # and y, dv**! and Apev*!,
and A, and d,. The process in both is the same. The leadmg
term of each row is the product of the values of the two functions
in line with it; and the succeeding terms are produced by the
continuous employment as multipliers of the series of differences
in the column adjoining that headed Diff. 0.

The formation of the verification series here is also in accord-
ance with that of the series for the verification of d.A <+
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Y ﬁlyt,w-l dsaM”"”
85 4346615
6 905551 3316099
7 720650 2495999
8 563741 1854461
9 435563 1358791
90 341305 9703857
1 267728 6657112
2 203581 4340369
3 150590 2626649
4 107458 1403780
5] 69477 613136
6 37389 187642
7 14005 28269

2484 00000

The formation of the functions d.\»**! and d A 2¥*! having
been completed, there remain the summations of the terms to
be performed. This is rendered a very simple matter in con-
sequence of the arrangement adopted, which 1s that suggested by
General Hannyngton in the case of the construction of D,.,. To
ensure accuracy the columns should first be added in groups of ten
or fifteen terms; and the sums being carried forward, will serve as
checks in the final summation.

It is the results of these final summations that are tabulated,
each of them having reference to the entire after-lifetime of the
combination opposite which it is placed.

To suit the form of the table, it is requisite now to make a
change in the nomenclature that up to this point has been
employed. The symbols 2 and y have been used hitherto to denote
the ages of the life assured and the life assured against, respec-
tively. This appropriation of the symbols was convenient so long
as we were concerned with merely the construction of the terms ;
but it is otherwise when we come to consider the arrangement
which will most facilitate the use of the table. The only tables of
this kind that have been published are the valuable and extensive
tables of Mr. David Chisholm, founded on the Carlisle Table of
Mortality ; and we cannot do better than adopt the arrangement
and notation of which Mr. Chisholm has set the example in his
work. In the sequel, therefore, when the ages are other than equal,
@ will stand for the older of the two, and y for the younger ; and
the two sets of results will be arranged in parallel cnlumns,
designated respectively by the symbols M:— > and M-—-—, the
analogy of which to those which denote the values of Sumvorshlp
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Assurances on () and (y) is apparent. We may also, if we please,
form a column M, .,, by adding together the corresponding terms

in the two preceding columns.
The following is a specimen of the final arrangement.

Daff, 2.
1 1

? z Y My Mz M.y
| . * * * *

85 83 18014-27 1586565 33879-92
S6 84 1126058 9964-49 2122507
87 85 687805 6042-:29 1292034
S8 86 409504 3546:29 7641-33
89 87 2405°82 2012:85 4418-67
90 88 138245 108988 247233
91 89 755751 565461 1321212
02 90 385470 275894 661-364
93 ol | 181:314 120°281 301-595
94 92 1 73790 44-344 118134
95 93 | 23°818 13-:012 36:830
96 94 | 5108 2:506 7-614
97 95 457 214 671

In vol. v of the Journal, pp. 107 to 118, will be found a
prototype of the operation that forms the subject of the present
problem.

It is in place to mention that the examples here given, like

those in illustration of Problem VII. are pointed to correspond to
a radix of 10,000.

I have now completed the task 1 proposed to myself when
commencing the preparation of the present series of papers. I
have, I think, shown that the Arithmometer possesses a singular
adaptation to the construction of the tables required for Actuarial
use. The examples I have given by no means exhaust the capa-
bilities of the instrument in this department ; but the necessity for
here going further into the subject is precluded by the publication,
since my papers were commenced, of Mr. Ralph P. Hardy’s
remarkable work, entitled Valuation Tables, based upon the Insti-
tute of Actuaries’ Mortality Exzperience (H™) Table.  Mr. Hardy’s
work contains complete tables, at four rates of interest, of most of
the funetions which I have chosen for examples, and of others
besides, nearly all of them having been calculated by the aid of
the Arithmometer. It thus forms an extensive repertory of
examples for the use of such as desire to master the working of
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the machine, and to elicit its further capabilities. Had the work
referred to been published, or had I known that it was in con-
templation, before I commenced the preparation of my papers,
they would, if they had appeared at all, have assumed a different
form from that which they now present. Mur. Hardy’s work is one
of unquestionable utility, and will form a lasting monument of
the author’s skill and enterprise.

It will be sufficiently apparent, from what I have said, that I
quite concur in the laudatory terms in which Mr. Hardy, in his
preface, speaks of the Arithmometer. 1 also agree with him in
what he says as to the existence of room for improvement in the
strength and temper of certain of the materials employed. This
refers chiefly to the springs, which form the weak point of the
machine. Any improvement in form or material given to these,
which should remove or diminish the tendency to give way that
they sometimes exhibit, would be hailed as a boon by all users of
the machine.

I hope it will not be deemed presumptuous if now, ere I close,
I venture respectfully to invite the attention of the makers of the
machine to two points, in regard to which I consider some modifi-
cation is desirable.

The first has reference to the manner in which the result
(when the process in use is multiplication) is presented. The
figures composing 1t are seen at the bottom of a series of holes,
that which I have designated S,, being the upper series on the slide.
These holes are of the form of truncated hemispherical cavities,
a quarter of an inch deep (such being the thickness of the slide),
and five-eighths of an inch in diameter; and a consequence of
this form is, that in working, with the paper at the right hand,
and especially if the numbers being dealt with are ong ones, more
movement of the body, and more stooping over the machine than
is at all agreeable, become necessary, to avoid mistake in reading
off the figures. A position and direction of the light, also, which,
probably, cannot always be conveniently commanded, are required
for a like reason.

The remedy for these inconveniences—for such I believe they
will be admitted to be by all who have had occasion to use the
machine extensively—would be, of course, a reduction in the depth
of the cavities at the bottom of which the figures appear. 1 do
not presume to suggest the manner in which this might be
accomplished; T will only say that I see no insurmountable
mechanical difficulty in the way.
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The second point to which I refer, is the desirableness of
having the openings through which the figures appear fdividu-

ally peardered. 10 render my meaning plain, 1 give here a plan.
of the machine, with the figures that I propose nserted.

o 05 ur Ny nm B T el ol o e R R 111'1
0000000000000000
000000000
957554:21
&
ry
5?5‘54::1*

# Note—The asterisk indicates the position of the handle.

[ frequently feel the want of this provision in setting factors
on the machine, having, in its absence, to count the holes; and also

n purfurming multiplication from left to right.¥ 1 believe that those
practically acquainted with them achine will agree with me in thinking
that the additions 1 have suggested would facilitate 1ts use.

+ 1 find this the more convenient order, and I alyays practiseit when it is safe
to do so—that is, when the number on 8; does not extend beyond the limit of the
carrying power of the machine ; and also even when it does so extend, provided
that the leading figures change but slowly.
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